Abstract. In some of the other talks we have seen how active control of the membrane potential leads to complicated dynamical behavior, and how cells can thus use their membrane potential as a intercellular signalling mechanism.
Cellular calcium homeostasis
In the previous chapters we have seen the importance of cellular electrical excitability. As a by-product of the mechanisms used to control its volume, every cell maintains a potential difference across its cell membrane (Keener and Sneyd, 1998) . In cells such as neurons or muscle cells this membrane potential difference is used as a signalling device, allowing one cell to communicate with its neighbors, or stimulating such things as muscular contraction or hormonal secretion. Studies of the membrane potential have been an important area of applied mathematics for many years, and the mathematical literature on cellular electrophysiology is now vast. For instance, in this volume we see models of large numbers of neurons hooked together to form neural networks as in the chapter by Terman, models of specialized neurons for the transformation of a light signal into an electrical signal as in the chapter by Tranchina, and the behavior of spreading waves of electrical activity in cardiac muscle tissue as in the chapter by Keener. Detailed descriptions of the physiology and mathematics of cellular electrophysiology can be found in Berne and Levy (1993) , Guyton and Hall (1996) , Keener and Sneyd (1998) and Johnston and Wu (1995) .
What is not so well known is that calcium ions play a similar role in both intracellular and intercellular signalling, and show many of the same dynamic behaviors as have been discovered in electrophysiology. In the last ten to fifteen years it has become clear that the concentration of free intracellular calcium ions is controlled by a dynamical system every bit as complex as that which regulates the membrane potential, and one that shows the same features of oscillatory responses, excitability and traveling waves. Thus the study of the dynamics of calcium homeostasis has developed into a very exciting field for applied mathematicians.
Calcium is critically important for a vast array of cellular functions as can be seen by a quick look through any physiology book. Thus, the mechanisms by which a cell controls its calcium concentration are of central interest in cell physiology. There are a number of calcium control mechanisms operating on different levels, all designed to ensure that calcium is present in sufficient quantity to perform its necessary functions, but not in too great a quantity in the wrong places. Prolonged high concentrations of calcium are toxic. For example, since calcium causes contraction of muscle cells, failure to remove calcium can keep a muscle cell in a state of constant tension (as in rigor mortis).
In vertebrates, the majority of body calcium is stored in the bones, whence it can be released by hormonal stimulation to maintain an extracellular calcium concentration of around 1 mM, while the intracellular calcium concentration is kept at around 0.1 µM. Since the internal concentration is low, there is a steep concentration gradient from the outside of a cell to the inside. This disparity has the advantage that cells are able to raise their calcium concentration quickly, by opening calcium channels and relying on passive flow down a steep concentration gradient, but has the disadvantage that energy must be expended to keep cytosolic calcium concentration low. Thus, cells have finely tuned mechanisms to control the influx and removal of cytosolic calcium.
Calcium is removed from the cytoplasm in two principal ways -it is pumped out of a cell, and it is sequestered into internal membrane-bound compartments such as the mitochondria, the endoplasmic reticulum (ER) or sarcoplasmic reticulum (SR), and secretory granules (Fig. 1) . Since the calcium concentration in the cytoplasm is much lower than either the extracellular concentration or the concentration inside the internal compartments, both methods of calcium removal require expenditure of energy. Some of this is by a calcium ATPase that uses energy stored in ATP to pump calcium out of the cell, or into an internal compartment. There is also a Na + -Ca 2+ exchanger in the cell membrane that uses the energy of the Na + electrochemical gradient to remove calcium from the cell at the expense of Na + entry. Calcium influx is also via two principal pathways -inflow from the extracellular medium through calcium channels in the surface membrane, and release from internal stores (Fig. 1) . The surface membrane calcium channels are of several different types: voltage-controlled channels that open in response to depolarization of the cell membrane, receptor-operated channels that open in response to the binding of an external ligand, second messenger-operated channels that open in response to the binding of a cellular second messenger, and mechanically-operated channels that open in response to mechanical stimulation. A detailed study of voltage-controlled calcium channels is more appropriate in an electrophysiological setting, and so we shall not consider that type of calcium entry here. We also omit the consideration of the other surface membrane channels to concentrate on the properties of calcium release from internal stores.
Calcium release from internal stores such as the ER is the second major calcium influx pathway, and this is mediated principally by two types of calcium channels (but called receptors), the ryanodine receptor, and the inositol (1,4,5)-trisphosphate (IP 3 ) receptor. The ryanodine receptor, so called because of its sensitivity to the plant alkaloid ryanodine, plays an integral role in excitation-contraction coupling in skeletal and cardiac muscle cells, and is believed to underlie calcium-induced calcium release, whereby a small amount of calcium entering the muscle cell through voltage-gated channels initiates an explosive release of calcium from the sarcoplasmic reticulum. Ryanodine receptors are also found in a variety of non-muscle cells such as neurons, pituitary cells and sea urchin eggs. The IP 3 receptor, although similar in structure to the ryanodine receptor, is found predominantly in non-muscle cells, and is sensitive to the second messenger IP 3 .
The exact details of how IP 3 is formed are not particularly relevant to the present discussion. In brief summary, the binding of an extracellular agonist such as a hormone or a neurotransmitter to a receptor in the surface membrane can cause, via a series of reactions that take place in the cell membrane, the production of IP 3 (Fig. 1) . The water-soluble IP 3 is free to diffuse through the cell cytoplasm and bind to IP 3 receptors situated on the ER membrane, leading to the opening of these receptors and subsequent release of calcium from the ER.
What makes calcium dynamics so interesting (from a mathematical point of view) are the complicated properties of the IP 3 receptors. Far from being simple release channels that just open and let calcium out, IP 3 receptors are tightly modulated by a host of different factors. Most importantly, the open probability of each receptor is controlled by the local calcium concentration in two different ways. On a fast time scale an increase in local calcium concentration results in an increase in the open probability of the channel, thus leading to positive feedback at fast times. However, on a slower time scale calcium inactivates the IP 3 receptor, restricting the release of further calcium. Hence, a fast positive feedback process is balanced by a slower negative feedback process, in essentially the same manner as we see in the Hodgkin-Huxley and FitzHugh-Nagumo models of membrane excitability. An initial release of calcium through the receptor leads to a fast release of more calcium (resulting in a fast increase in cytosolic calcium concentration). However, once the inactivation kicks in on the slower time scale the IP 3 receptors inactivate, and the calcium concentration is decreased by the action of the various calcium pumps. Depending upon the concentration of IP 3 , this sequential positive and negative feedback can lead to cycles of release and uptake of calcium from the ER, and hence calcium oscillations. Furthermore, the excitable nature of calcium release can lead to the appearance of traveling waves of calcium that travel within a single cell, or between multiple cells. Because of the mathematical similarities between models of calcium excitability and models of membrane excitability these dynamic behaviors come as no surprise to the modeler. Reviews of calcium oscillations, and detailed descriptions of the physiology, can be found in Berridge (1993 Berridge ( , 1996 , Thomas et al. (1996) , Sanderson et al. (1994) , and Sneyd et al. (1995b) .
As an additional control for the cytosolic calcium concentration, calcium is heavily buffered (i.e. bound) by large proteins, with estimates that over 99% of the total cytoplasmic calcium is bound to buffers. This presents additional mathematical complications that we shall not discuss here, but see Wagner and Keizer (1994) and Sneyd et al. (1998) . The calcium in the internal stores is also heavily buffered.
As a side note, let me describe briefly how calcium oscillations and waves are observed. Essentially, experimentalists fill a cell with a dye that emits light when it binds calcium, i.e., a calcium fluorescent dye. The fluctuations in calcium concentration can then be viewed through a microscope and captured digitally for later analysis. There are, of course, many complications, such as the type of dye used, whether or not it bleaches, whether or not the presence of the dye alters the native cellular behavior, or whether or not the fluorescence can be corrected for cell depth. However, the basic idea is very simple. For a modeler, the important thing to remember is that the waves and oscillations can be easily viewed and analyzed; there is a wealth of real-time data on oscillation shapes and periods, as well as wave properties.
Calcium oscillations and waves
Calcium oscillations can be grouped into two major types: those that are dependent on periodic fluctuations of the cell membrane potential and the associated periodic entry of calcium through voltage-gated channels, and those that occur in the absence of extracellular calcium and in the presence of a voltage clamp. Our focus here is on the latter type; the former type are more closely connected with electrical excitability. Within the latter group further distinctions can be made by whether the oscillatory calcium flux is through ryanodine or IP 3 receptors. Here, for the sake of brevity and simplicity, I shall discuss only models of calcium oscillations caused by the generation of IP 3 and the modulation of calcium flux through IP 3 receptors. Nevertheless, as we shall see briefly at the end, ryanodine receptors play an extremely important, though not well understood, role.
Depending on such things as the cell type, or the concentration of IP 3 , the period of IP 3 -dependent oscillations ranges from a few seconds to a few minutes. There is a great deal of evidence that, in many cell types, these oscillations occur at constant IP 3 concentration and are therefore not driven by oscillations in IP 3 concentration. Although it is risky to generalize, some overall trends can be seen: as the concentration of IP 3 increases, the steady state calcium concentration also increases, the oscillation frequency increases, and the amplitude of oscillation remains approximately constant.
Calcium oscillations usually occur only when the concentration of IP 3 is greater than some critical value, and disappear again when this concentration gets too large. Thus, there is an intermediate range of IP 3 concentrations which generate calcium oscillations.
In many cell types, fluorescent video microscopy has shown that calcium oscillations are organized into repetitive intracellular waves (Rooney and Thomas, 1993) , and in large cells such as Xenopus oocytes, the intracellular waves develop a high degree of spatial organization, forming concentric circles, plane waves, and multiple spirals (Lechleiter et al., 1991a (Lechleiter et al., ,1991b Lechleiter and Clapham, 1992) . The speed of intracellular calcium waves is remarkably similar (5-20 µms −1 ) across a wide range of cell types (Jaffe, 1991) . Calcium waves have also been observed propagating from cell to cell across a culture or an organ. These intercellular waves are, in general, independent of extracellular calcium, and can initiate intracellular oscillations in some cell types (Sanderson et al., 1990 Charles, 1994; Charles et al., 1993 Charles et al., , 1996 .
Although it is known that calcium controls many cellular processes, the exact significance of calcium oscillations is not completely understood in most cell types. It is widely believed that the oscillations are a frequency-encoded signal, which allow a cell to use calcium as a second messenger while avoiding the toxic effects of prolonged high calcium concentration. A wave enables communication from one side of a cell to the other, and serves to synchronize an overall cellular response to a local stimulus. In a similar fashion, an intercellular calcium wave serves to coordinate a multicellular response.
The two-pool model
One of the earliest models for IP 3 -dependent calcium release assumes the existence of two distinct internal calcium stores, one of which is sensitive to IP 3 , the other of which is sensitive to calcium (Kuba and Takeshita, 1981; Goldbeter et al., 1990; Goldbeter, 1996) . Agonist stimulation leads to the production of IP 3 which releases calcium from the IP 3 -sensitive store through IP 3 receptors. The calcium that is thereby released stimulates the release of further calcium from the calciumsensitive store, possibly via ryanodine receptors. A crucial assumption of the model is that the concentration of calcium in the IP 3 -sensitive store remains constant, as the store is quickly refilled from the extracellular medium. A schematic diagram of the model is given in Fig. 2 .
Recent work by Goldbeter (1993, 1994) has shown that the model does not depend on the existence of two separate pools of calcium; the model equations can equally well be used to describe the release of calcium from a single pool, with the release modulated by both IP 3 and calcium. Nevertheless, for convenience, we persist in calling this the two-pool model.
Let c denote the concentration of calcium in the cytoplasm, and c s denote the concentration of calcium in the calcium-sensitive pool. We assume that IP 3 causes a steady flux, ν, of calcium into the cytosol, and that calcium is pumped out of the k = 10 s (Goldbeter et al., 1990 ).
cytoplasm at the rate −kc. Then
where
and τ denotes time. The flux of calcium from the cytoplasm into the calciumsensitive pool is given byf ; J uptake is the rate at which calcium is pumped from the cytosol into the calcium-sensitive pool by an active process, and J release is the rate at which calcium is released from the calcium-sensitive pool. Note that, as c increases, so does J release . Thus, calcium stimulates its own release through positive feedback, usually called calcium-induced calcium release, or CICR (Endo et al., 1970; Fabiato, 1983) . It is this positive feedback that is central to the model's behavior. Finally, the rate at which calcium leaks from the calcium-sensitive pool into the cytosol is k f c s . In the model, ν is constant for constant IP 3 concentration, and is treated as a control parameter. Thus, the behavior of the model at different constant IP 3 concentrations can be studied by varying ν. For convenience we nondimensionalize the model equations.
If the exchange of calcium between the cytosol and the calcium-sensitive pool is fast (i.e., V 1 and V 2 are large), then is a small parameter. A table of typical parameter values in the model is given in Table 1 . For these values, ≈ 0.04. 
The nullclines of the transformed equations are shown in Fig. 3 , where it can be seen that one nullcline is N-shaped, while the other is a straight line, as in the FHN model. Thus, the analysis of the FitzHugh-Nagumo model can be applied, essentially without change, to the temporal behavior of the two-pool model. It is therefore not surprising that the two-pool model is excitable and exhibits oscillatory behavior. When µ is slightly below the lower Hopf bifurcation point (calculated below), a subthreshold addition of calcium gives a small response, while a superthreshold addition causes a large transient before the return to steady state.
The steady state of the two-pool model, (u 0 , v 0 ), is given by
and the stability of the steady state is determined by the roots of the characteristic equation
Since f v < 0, the roots of (13) state changes stability through a Hopf bifurcation, and at these points a branch of periodic orbits appears. The amplitude and period of these periodic orbits as a function of the bifurcation parameter µ can be tracked with the use of the software package AUTO (Doedel, 1986) , and the results are shown in Fig. 4 .
Both Hopf bifurcations are supercritical and the two bifurcation points are connected by a branch of stable periodic orbits. Typical oscillations are shown in Fig. 5 . Note that oscillations occur for a constant value of µ, i.e., constant IP 3 concentration. Thus, the two-pool model shows that calcium-induced calcium release is sufficient to produce oscillations in the absence of IP 3 oscillations. The function of IP 3 is to produce a steady influx of calcium into the cytosol from the IP 3 -sensitive pool, and this steady influx drives the oscillations.
3.2.
Traveling waves in the two-pool model. In many cells, calcium oscillations are organized into repetitive intracellular waves. Although there is controversy about the exact mechanisms by which these waves propagate (and it is certainly true that the mechanisms differ from cell type to cell type), it is widely believed that, in many cell types, calcium waves are driven by the diffusion of calcium between release sites. In this hypothesis, the calcium released from one pool diffuses to neighboring pools and initiates CICR there. Repetition of this process can then generate an advancing wave front of high calcium concentration, i.e., a calcium wave. That this is a possible mechanism for wave propagation is confirmed by the two-pool model. Inclusion of calcium diffusion into the (nondimensional) model equations gives
where the spatial variable, x, has been scaled by / √ D, D being the diffusion coefficient of calcium. Although there is some difficulty in defining a diffusion coefficient of calcium in the cytosol (because calcium is so extensively buffered, and may not obey a simple diffusion equation), we ignore these complications. Diffusion of v is not included in (16) since we assume that calcium in the store is not free to diffuse.
Although the temporal behavior of the model can be understood by comparison with the FitzHugh-Nagumo model, the same is not true of the model when calcium diffusion is included. In particular, when diffusion is included equations (15) and (16) cannot be put into the same form as the FitzHugh-Nagumo model, and therefore previous theories of wave propagation need not apply. An example of this is discussed in Keener and Sneyd (1998; Chapter 12) .
The two-pool model is capable of reproducing the waves observed in a variety of cell types (Dupont and Goldbeter, 1994) . By varying the parameter values, the model can produce a wave with a sharp front and a sharp back, as is observed in cardiac cells, as well as the smoother rise followed by a homogeneous return to steady levels, as is observed in hepatocytes. Furthermore, in two spatial dimensions the model can exhibit spiral waves similar to those observed in Xenopus oocytes (Girard et al., 1992) . This model is still used today by a number of modelling groups, and is certainly the model that is most widely known among experimentalists. Nevertheless, it has some deficiencies, as we discuss below, and has been largely superseded by more recent models.
Mechanistic models for calcium release
Although the two-pool model reproduces experimental data extremely well, both qualitatively and quantitatively, recent experimental evidence indicates that the role of calcium is more complicated than was assumed in this model. In the two-pool model calcium stimulates its own release (thus the term c (5)), while the flow of calcium from the internal store is terminated when the concentration of calcium in the internal store becomes too low (thus the term c
. However, it is now known that not only does calcium stimulate its own release, it also inhibits it, but on a slower time scale (Parker and Ivorra, 1990; Finch et al., 1991; Bezprozvanny et al., 1991) . It is hypothesized that this sequential activation and inactivation of the IP 3 receptor by calcium (rather than the depletion of the internal store) is the fundamental mechanism underlying IP 3 -dependent calcium oscillations and waves, and a number of models incorporating this hypothesis have appeared (Sneyd et al., 1995b ).
A detailed receptor model.
One approach to determining whether sequential activation and inactivation of the IP 3 receptor by calcium can produce calcium oscillations is to construct a detailed model of the IP 3 receptor, including all the possible receptor states and transitions between them (De Young and Keizer, 1992) . To do so, we assume that the IP 3 receptor consists of three equivalent and independent subunits, all of which must be in a conducting state before the receptor allows calcium flux. Each subunit has an IP 3 binding site, an activating calcium binding site, and an inactivating calcium binding site, each of which can be either occupied or unoccupied, and thus each subunit can be in one of eight states. Each state of the subunit is labelled S ijk , where i, j and k are equal to 0 or 1, with a 0 indicating the binding site is unoccupied and a 1 indicating it is occupied. The first index refers to the IP 3 binding site, the second to the calcium activation site, and the third to the calcium inactivation site. This is illustrated in Fig. 6 . Although a fully general model would include 24 rate constants, we make a number of simplifying assumptions. For instance, the rate constants are assumed to be independent of whether activating calcium is bound or not. Further, the kinetics of calcium activation are assumed to be independent of whether IP 3 is bound or not, and finally, calcium inactivation is assumed to be independent of calcium activation and of IP 3 . This leaves only 10 independent rate constants,
The fraction of subunits in the state S ijk is denoted by x ijk . The differential equations for these are based on mass action kinetics, and thus, for example,
where p denotes IP 3 concentration and c denotes calcium concentration. V 1 describes the rate at which IP 3 binds to and leaves the IP 3 binding site, V 2 describes the rate at which calcium binds to and leaves the inactivating site, and similarly for V 3 . Since experimental data indicate that the receptor subunits act in a cooperative fashion, the model assumes that the IP 3 receptor passes calcium current only when three subunits are in the state S 110 (i.e., with one IP 3 and one activating calcium bound), and thus the open probability of the receptor is x 3 110 . The set of seven differential equations for the receptor states (there are eight receptor states, but only seven are independent, as the x ijk s must sum to one) are combined with a differential equation for calcium transport to obtain the full model
where c denotes the concentration of calcium in the cytoplasm, and c s denotes the concentration in the ER. ν 1 and ν 2 are constants. The first term is the calcium flux through the IP 3 receptor, and is proportional to the concentration difference between the ER and the cytoplasm. It includes an IP 3 -independent leak (ν 2 ) from the ER into the cytoplasm. The second term, similar to the pump term in the two-pool model, describes the action of the calcium ATPases that pump calcium from the cytoplasm into the ER, and is based on experimental data that shows that the calcium ATPase is cooperative, with a Hill coefficient of 2. For simplicity, we assume that the cell is closed, i.e., that there is no calcium exchange between the inside and outside of the cell. In this case, c s is determined by constraining the total amount of intracellular calcium to be constant, and thus
where v c is the ratio of the ER volume to the cytoplasmic volume. However, this somewhat artificial constraint can be removed without affecting model behavior. For if calcium exchange between the inside and the outside of the cell is much slower than exchange between the cytoplasm and the ER, we can apply a quasisteady state hypothesis and assume that the calcium concentration is constant on a fast time scale. Parameters in the model were chosen to obtain agreement with the steady state open probability of the receptor, as measure by Bezprozvanny et al. (1991) . However, the kinetic properties of the IP 3 receptor are equally important; the receptor is activated quickly by calcium, but inactivated by calcium on a slower time scale. In the model, this is incorporated in the magnitude of the rate constants, and is the basis of a simplification of the model that we discuss below.
As the concentration of IP 3 is increased, periodic orbits appear via a supercritical Hopf bifurcation, and disappear in the same manner. For many parameters in the physiological range, the two Hopf bifurcations are connected by a branch of periodic orbits and the period of the orbits is a decreasing function of IP 3 concentration, as observed experimentally. This behavior, similar to that seen in the two-pool model, seems to be typical of many models of calcium oscillations.
Reduction of the detailed receptor model.
The complexity of the receptor model (eight differential equations and numerous parameters) provides ample motivation to seek a simpler model that retains its essential properties. Since IP 3 binds quickly to its binding site, and calcium binds quickly to the activating site, we can dispense with the transient details of these binding processes, and assume instead that the receptor is in quasi-steady state with IP 3 binding and calcium activation (De Young and Keizer, 1992; Keizer and De Young, 1994; Li and Rinzel, 1994; Tang et al., 1996) .
As shown in Fig. 6 , the receptor states are arranged into two groups: those without calcium bound to the inactivating site (S 000 , S 010 , S 100 and S 110 , shown in the upper line of Fig. 6 ; called group I states), and those with calcium bound to the inactivating site (S 001 , S 011 , S 101 and S 111 , shown in the lower line of Fig. 6 ; called group II states). Because the binding of IP 3 , and the binding of calcium to the activating site are assumed to be fast processes, it follows that, within each group, the binding states are at quasi-steady state with respect to transitions within the group. More precisely, write the differential equations governing the transitions between the states in group I, say, to get
where c denotes calcium concentration and p denotes IP 3 concentration. The differential equation for the fourth receptor state, x 110 is superfluous, as we have the constraint
where y = x 001 + x 011 + x 101 + x 111 . (27) Since these four states are assumed to be in quasi-steady state, we set dx 000 /dt = dx 100 /dt = dx 010 /dt = 0, and solve for the group I state probabilities. This gives, for example,
An identical procedure applied to the group II receptor states gives the quasi-steady state equations for the group II states.
It now remains to derive a differential equation for y. Note that y changes only on a slow time scale since any changes in y involve calcium leaving or binding to the inactivating site, a process which is assumed to be slow. If we write down the differential equations for the group II sites, taking care to include the transitions between the group I and group II sites, add the four equations, and substitute in the quasi-steady state expressions we get, finally,
This can easily be written in the form
which is useful for comparison with other models.
It is now a relatively simple matter to show how the reduced receptor model can be used to construct a simpler model for calcium oscillations. First, recall that the equation governing the calcium dynamics is (21)
Into this equation we substitute the expression for x 110 ,
and the differential equation for y, to get a model for calcium oscillations consisting of two differential equations rather than the original eight.
Note that 1−y, which is the proportion of receptors that are not inactivated by calcium, plays the role of an inactivation variable, similar in spirit to the variable h in the Hodgkin-Huxley equations. To emphasize this similarity, the reduced model can be written in the form
where h = 1 − y, and τ h and h ∞ are easily calculated from the corresponding differential equation for y.
4.3.
A simpler model. An alternative approach to modelling calcium release is based on heuristic assumptions about the kinetic properties of the receptor (Atri et al., 1993) , and is similar in spirit to the construction of the Hodgkin-Huxley model from voltage-clamp data. We assume first that the IP 3 
is the probability that calcium is bound to domain 2, and 1 − p 3 is the probability that calcium is bound to domain 3, then, assuming independence of the domains, it follows that the steady state calcium flux through the IP 3 receptor, J channel , is given by
for some constant k f . The probabilities p i , i = 1, 2, 3 are chosen so that J channel agrees with the steady state experimental data of Parys et al. (1992) from Xenopus oocytes. Good agreement with data is obtained by choosing
where p denotes IP 3 concentration, c denotes the calcium concentration, and where µ 0 , µ 1 , b, k 1 and k 2 are constants. To complete the model, it is assumed that p 1 and p 2 are instantaneous functions of the calcium and IP 3 concentrations, but that p 3 acts on a slower time scale, so that
where h is a time-dependent inactivation variable, satisfying the differential equation
Thus,
In a fashion similar to the De Young-Keizer model, the term γc/(k γ + c) represents pumping of calcium out of the cytoplasm, and β represents a constant leak into the cytoplasm.
It is important to note some features of this heuristic model. First, the model equations are of the same form as the reduced receptor model discussed above, and of the same form as the Hodgkin-Huxley and FitzHugh-Nagumo models. Obviously, this combination of fast variables and slow variables, with inactivation acting on a slow time scale, is a feature common to many physiological systems.
The heuristic model exhibits oscillations in a manner similar to the models discussed above. For a wide range of parameter values, two Hopf bifurcation points exist and are connected by a branch of stable periodic orbits. This is behavior typical of models of calcium oscillations.
A number of other points about the heuristic model are worth noting. First, it does not include the factor c s − c in the term describing the IP 3 -sensitive calcium current. Thus, it assumes that the concentration of calcium in the ER is so high, and so well buffered, that depletion of the ER has only a negligible effect on intracellular calcium dynamics for most of the physiological regime. Because of this omission, the structure of the heuristic model is different from the usual FitzHugh-Nagumo system, and the model becomes unphysiological when τ h is too large. Nevertheless, in the physiological regime the heuristic model agrees well with experimental data. Also, the form of the pumping term is different from that in the detailed receptor model, which uses a Hill function with coefficient 2 (Keener and Sneyd, 1998, Chapter 1). There is experimental evidence that the form used in the receptor model is a more accurate description of the calcium ATPase found in a variety of cell types but it is not clear how this change in the pumping term affects model behavior. The differences and similarities between the detailed receptor model and the heuristic model underline the fact that there are many choices to make in the construction of even the simplest model. The obvious question to ask is to what extent the choice of assumptions affects the final results. In other words, how sensitive are the model predictions to the underlying assumptions? How much complication is vital, and how much is a waste of time and money? In general these are difficult questions to answer, and can be answered completely only after detailed (and time-consuming) comparisons between the models. For this reason such comparisons are rarely performed, or at least not before experimental data indicates that the comparison will lead to useful distinctions. Despite these difficulties, however, the extensive similarities between these two models (models that were obtained independently by different methods) suggest strongly that fast activation and slow inactivation of the IP 3 receptor by calcium are the crucial underlying mechanisms that generate calcium oscillations.
Calcium waves in Xenopus.
Although so far we have concentrated on models for intracellular calcium oscillations, one important goal of such modelling work is to understand and explain the mechanisms underlying the propagating calcium waves observed in many cell types, particularly Xenopus oocytes. In 1991, it was discovered by Lechleiter and Clapham and their coworkers that intracellular calcium waves in immature Xenopus oocytes showed remarkable spatio-temporal 
D p and D c are the diffusion coefficients of IP 3 and calcium respectively. Equations (42)- (44) were solved on a square domain with no-flux boundary conditions. Standard parameters of the calcium wave model are given in Table 3 . We simulated the release of a bolus of IP 3 into the cell (a common experimental protocol). As the IP 3 diffuses out from the point of release it forms either single or multiple wave fronts. If enough IP 3 is injected to make the cytoplasm oscillatory then periodic waves are formed. (We expect this from the standard theory; see, for example, Kopell and Howard, 1973; Duffy et al., 1980; Maginu, 1985; Neu, 1979; Murray, 1989) . If the cytoplasm is excitableexcitable!cytoplasm, but not oscillatory 300 sec 700 sec 800 sec 1200 sec (i.e., if slightly less IP 3 is injected) then a single wave will form. When a wave front is broken, a spiral wave of calcium often forms. Depending on the initial conditions, these spiral waves can be stable or unstable. In the unstable case, the branches of the spiral can intersect themselves, and cause breakup of the spiral (Fig. 7) .
Two case studies of experimental/theoretical collaboration
When doing mathematical physiology one is regularly challenged by both mathematicians and physiologists. A common comment from the mathematical literati is "Where's the math?", while from the experimental side one often hears "But how can all this math stuff help me? It's really just a waste of time". Because of the prevalence of these attitudes it is important to address them both. Of course, what follows here is a purely personal point of view, not necessarily guaranteed to coincide with views of most, or even any, other modelers.
The response to the first question is simple. The whole point of mathematical physiology is to use mathematical techniques to solve an important physiological problem. Nowhere is it specified that one must use complex, deep and nontrivial mathematics; the requirement is only that an important physiological problem is addressed. Those who ask where the difficult math is are missing the fundamental point of modelling.
However, the second question is much more difficult. How can one use models to answer questions that, firstly, physiologists care about, and, secondly, that they can't answer for themselves? There is, of course, no ready answer to this. I shall answer merely by describing two examples where a model has been able to propose, or answer, questions important to the experimentalists. For convenience these example are taken from my own work; there are many other examples I could have chosen.
Calcium oscillations in pancreatic acinar cells.
Pancreatic acinar cells are the majority cell type in the pancreas, and their function is the production and secretion of digestive enzymes. The pancreatic acinus is a particularly interesting system in which to study calcium waves (Nathanson et al., 1992; Kasai, 1995; Yule et al., 1996; Pfeiffer et al., 1998) . Firstly, the pancreatic acinar cell is electrically non-excitable, and the calcium wave results (at least in large part) from the release of calcium from the endoplasmic reticulum. Secondly, each acinus consists of a number of cells arranged in a ring around a central duct, and the calcium wave travels from cell to cell around this ring in a characteristic fashion (Yule et al., 1996) . The function of this intercellular calcium wave is not entirely clear, although it appears to increase the efficiency of enzyme secretion of the acinus, presumably by coordinating the secretion of each individual cell with that of its neighbors. Thirdly, and most importantly for this example, different agonists cause different wave responses Thorn et al., 1993) . This, in turn, results from the fact that different agonists cause different oscillatory responses in each individual cell. Application of intermediate doses of acetylcholine (ACh) or carbachol (CCh) causes high-frequency oscillations superimposed on a raised baseline, while application of cholecystokinin (CCK) causes baseline oscillations with a much larger period (Yule et al., 1991) . Despite these differences, there is much evidence that both types of oscillations result from an agonist-dependent increase in intracellular IP 3 concentration. How might these two very different patterns of calcium release occur, with apparently the same basic intracellular processes? In particular, how do the long baseline spikes observed with CCK occur, given that the IP 3 concentration is thought to be maintained above basal levels throughout the period of stimulation, whereas the calcium concentration, which initially provides the negative feedback signal to end calcium flux from the stores, has returned to its basal values long before the next spike occurs? Our goal was to understand the mechanisms underlying these different oscillatory patterns, and provide a single explanation for these seemingly diverse phenomena.
Our model (LeBeau et al., 1999) began with the hypothesis that different agonists caused different modulations of the IP 3 receptor. For physiological reasons, the most plausible hypothesis was that CCK caused the IP 3 receptor to be phosphorylated, and thus inactivated, while ACh did not. First we constructed a model to check that such a hypothesis was a possible explanation for the observed differences between the oscillatory patterns.
5.1.1. Model construction. We assume that the complete IP 3 receptor is composed of four, functionally identical, independent subunits. The reaction scheme governing transitions of each subunit is shown in Figure 8 . In our model we do not specifically include any binding sites for calcium. Although it appears there may be several of these on the IP 3 receptor these have not been well characterized. Because of this we instead incorporate the effects of calcium by making the rate of the S to O transition a function of calcium concentration. By doing this we are able to correlate model behavior with experimentally observed effects of calcium concentration, without having to speculate on the number or nature of calcium binding sites on the receptors. This approach has the added advantage that the reaction scheme is kept simpler.
Because of experimental evidence indicating that calcium enhances the affinity of IP 3 for its receptor we set the transition S → O to be an increasing function of calcium concentration. Thus we have assumed that calcium enhances IP 3 binding to the receptors in the model (Yoneshima et al., 1997) .
The transition O → I 1 represents the inactivation of the receptor by calcium, while the transition I 1 → S represents the normal pathway by which the IP 3 receptor recovers from inactivation, with IP 3 dissociating from its binding site. The receptor can then rebind IP 3 and repeat the cycle. We refer to this pathway (involving S, O and I 1 only) as the "intrinsic" receptor pathway, on the basis that this reflects the direct effects of IP 3 and calcium on receptor activity. However, we also include a transition I 1 → I 2 , where I 2 represents a second inactivated state of the receptor in which IP 3 is no longer bound (i.e., IP 3 dissociates during this transition). This pathway is agonist-specific, and involves phosphorylation of the IP 3 receptor. Our assumption is that physiological concentrations of CCK cause rapid phosphorylation of the IP 3 receptor while physiological concentrations of ACh do not. Hence, to model the application of CCK k 4 is set to be nonzero, while the application of ACh is modeled by setting k 4 = 0. Phosphatase actions eventually dephosphorylate the receptor, converting it to the S state, whereupon it may rebind IP 3 . A crucial element of this scheme is that while in the I 2 state the receptor is unaffected by either the IP 3 or calcium concentrations. We refer to the pathway involving all four states of the channel as the "full" pathway, with the inclusion of the generation of I 2 representing a "mediated" effect, as distinct from the intrinsic effects described above.
It is important to note that this model suffers from the flaw that it does not satisfy the principle of detailed balance. However, it is not intended as a mechanistic model of the receptor, but rather as a macroscopic description of receptor behavior. More detailed subsequent models have ensured detailed balance while retaining the same qualitative receptor behavior (Sneyd and Dufour, manuscript submitted).
By the law of mass action differential equations for the various receptor states can be determined. The equation for the fraction of receptor subunits in the open
where p is IP 3 concentration. The variable S can be eliminated using the conservation law S = 1 − (O + I 1 + I 2 ). Here, I 1 is the fraction of receptors in state I 1 , and similarly for I 2 . We assume that all four of the subunits must be in this state before the receptor will pass any calcium current. Thus the conducting state is O 4 . The equation for I 1 is given by
and for I 2 by
As described above, the rate k 1 is a function of calcium concentration, which is denoted by c:
whereas k −1 , k 2 , k 3 and k 5 are constants. The constant α 1 is the maximum rate of the S to O transition, and β 1 is the calcium concentration at which the rate of the S to O transition is half its maximum rate. The function k 1 is an increasing function of c, representing our assumption that calcium enhances the affinity of IP 3 binding.
Since we have not suggested explicit mechanisms representing the transitions governed by k 1 , k 2 and k 3 , we use the simplest possible functions. Thus, we choose k 2 and k 3 to be constants, and let k 1 be a sigmoidal function of c, with a Hill coefficient of 3. The rate constant k 4 is given by
and models the action of a kinase on the IP 3 receptor, and is assumed to be dependent on the type of agonist used to initiate calcium oscillations. The constant α 4 denotes the maximum rate of the reaction attained at high p, while β 4 denotes the value of p at which the rate is half maximal. When activated, k 4 shunts the receptors through the I 2 pathway. We assume that k 4 is an increasing saturating function of the IP 3 concentration. β 4 is chosen to be relatively small, so that the rate of phosphorylation saturates quickly, and, in most physiological regimes, is approximately constant. Finally, we incorporate the receptor model into a whole-cell model, in a fashion analogous to the other models discussed here.
The equation for the calcium concentration (c) is given by
where J rel represents the IP 3 -induced release of calcium from the ER and is given by
in which k flux is the maximum rate of calcium release from the ER.
J pump represents the activity of the calcium pumps that remove calcium from the cytosol and is given by
where V p represents the maximum rate of pumping and K p is the calcium concentration for half-maximal pumping. This expression is the same as that seen in previous models. J influx is an adjustable parameter that represents a constant rate of calcium influx into the cytosol. This term includes both influx from outside the cell and any leak of calcium from intracellular stores such as the ER and mitochondria.
The standard parameter values are given in Table 5 .1.1. The values in brackets correspond to those values used to model CCK-induced oscillations, as described in more detail below. 
. Model results, predictions, and experimental tests.
Once the model is constructed, our first job is to test whether or not such a reaction scheme can reproduce the different types of oscillations observed in pancreatic acinar cells. In Fig. 9 we show typical oscillations for two cases; A: when the phosphorylation pathway is turned off (i.e., k 4 = 0, corresponding to the agonist ACh), and B: when the phosphorylation pathway is operative. It is clear that in the second case the oscillations that occur have a much longer period and are spikier in shape, which is in agreement with the experimental observations. Thus fortified by a model which predicts that such an explanation is at least possible, we then turned to experiments to confirm the model predictions. Obviously, the most important thing to check is whether or not CCK does actually cause increased levels of phosphorylation of the IP 3 receptor. The details of the experimental methods, and the detailed results, are all given in LeBeau et al. (1999) . Suffice it to say here that we were able to show that physiological concentrations of CCK do cause increased phosphorylation of the IP 3 receptor, while that is not true of ACh.
We then used the model to investigate the relationship between the rate of calcium influx and generation of ACh-induced calcium oscillations. By reducing J influx we can simulate the effect of reducing the extracellular calcium concentration. It turns out that, as J influx is decreased, the range of IP 3 concentrations for which oscillations are observed shifts to the right, i.e., to higher IP 3 concentrations. Thus, a decrease in calcium influx would be expected to abolish oscillations, while an increase in IP 3 concentration would be expected to restore them. Even more interestingly, in the model a decrease in calcium influx can sometimes lead to oscillations of greatly increased period, as demonstrated in Figure 10A Experiments were conducted to test these model predictions ( Figure 10B ). In the majority of experiments a decrease in extracellular calcium concentration led to the abolition of the oscillations, as seen in the model simulations. However, in a small number of cases it led to oscillations of greatly increased period, as shown in the figure.
5.1.3. Conclusions. In this example, the presence of a working model was enough to stimulate a series of experiments that were designed specifically to test the model's predictions. It is possible that these experiments might have been performed anyway at some stage, but testing for phosphorylation is a relatively long and arduous procedure. If not for the model saying it should work, I suspect that the experiments might have been long delayed. Furthermore, once the phosphorylation prediction was confirmed, we were then motivated to run further experiments to test a much broader range of model predictions. Of course, some worked out, and others didn't. One particularly important prediction that we have not yet tested is that CCK causes phosphorylation not only of the IP 3 receptor, but also the calcium ATPase pumps. There is some evidence already that this is so, but we await further confirmation from current experiments. The bottom line is that with a combination of modelling and experimental work we have learned something important about the properties of pancreatic acinar cells.
Intercellular calcium waves.
My second example is a study of intercellular calcium waves that was performed over a number of years with Michael Sanderson, Andrew Charles and their colleagues (Sneyd et al., 1994 (Sneyd et al., , 1995a .
In many cell types, a mechanical stimulus (for instance, poking a single cell with a micropipette) can initiate a wave of increased intracellular calcium that spreads from cell to cell to form an intercellular wave . The epithelial cell culture forms a thin layer of cells, connected by gap junctions. When a cell in the middle of the culture is mechanically stimulated the calcium in the stimulated cell increases quickly. After a time delay of a second or so, the neighbors of the stimulated cell also show an increase in calcium, and this increase spreads sequentially through the culture. An intracellular wave moves across each cell, is delayed at the cell boundary, and then initiates an intracellular wave in the neighboring cell. The intercellular wave moves via the sequential propagation of intracellular waves. Of particular interest here is the fact that, in the absence of extracellular calcium, the stimulated cell shows no response, but an intercellular wave still spreads to other cells in the culture. It thus appears that a rise in calcium in the stimulated cell is not necessary for wave propagation. Neither is a rise in calcium sufficient to initiate an intercellular wave. Figure 11 . Schematic diagram of the model of intercellular calcium waves. Mechanical stimulation causes the production of IP 3 , which diffuses through the cytoplasm, and from cell to cell through gap junctions (GJ). By binding to IP 3 receptors (IPR) IP 3 releases calcium from the endoplasmic reticulum (ER). This released calcium can cause the release of further calcium from the ER by activating the IPRs, as indicated by the circled + signs. However, propagation of the intercellular calcium wave is due almost entirely to the passive diffusion of IP 3 from the stimulated cell.
oscillations do not spread from cell to cell. Nevertheless, a mechanically stimulated intercellular wave does spread through cells that are spontaneously oscillating.
Little is known about the physiological importance of these intercellular calcium waves, although educated guesses can be made. Airway epithelial cells have cilia, whose function is to move mucus along the trachea. The rate at which cilia beat is closely related to the concentration of intracellular calcium in the cell; as the calcium concentration goes up, so does the ciliary beat frequency. Hence, the intercellular wave could be one way in which a group of ciliated cells coordinate a rise in beat frequency over the entire group. This would have the advantage that, if one cell is mechanically stimulated by a foreign object in the airway, it could initiate faster ciliary beating in that cell and all its neighbors, which would serve to clear the airway more efficiently. However, despite the plausibility of this hypothesis, it remains conjectural. In nonciliated cells such as glial cells, or endothelial cells, the physiological purpose of the calcium wave is even less clear.
When this behavior was first discovered, a qualitative model of the underlying mechanisms was proposed (Boitano et al., 1992; Sanderson et al., 1994) . Sanderson and his colleagues proposed that mechanical stimulation causes the production of large amounts of IP 3 in the stimulated cell, and this IP 3 moves through the culture by passive diffusion, moving from cell to cell through gap junctions. Since IP 3 releases calcium from the endoplasmic reticulum the diffusion of IP 3 from cell to cell results in a corresponding intercellular calcium wave. This is not a wave in the mathematical sense of the word (i.e., it is not an invariant profile propagating at a constant speed), but it looks just like a wave, and it is futile to try and persuade experimentalists not to call it one. I know, I've tried. Furthermore, a number of experimental results indicated that the movement of calcium between cells does not play a major role in wave propagation. However, this qualitative model left a number of open questions. Most importantly, was this qualitative model able to account in quantitative detail for the observed properties of the waves? How fast must IP 3 diffuse in order to give waves of the correct speed? How sensitive must the IP 3 receptors be? How permeable must the gap junctions be in order to allow passage of a wave? Given appropriate numbers for the above parameters, will the wave even behave correctly at all? Will it travel in a step-wise fashion, or smoothly? Can we use a model to design other experiments that can be used to test this qualitative model?
Clearly, these quantitative questions can be answered only by the study of a mathematical model. 5.2.1. Model equations. In the mathematical model, the epithelial cell culture is modelled as a square grid of square cells, illustrated in Fig. 12 . It is assumed that IP 3 moves by passive diffusion and is degraded with saturable kinetics. Thus, if p denotes IP 3 concentration,
When p k p , p decays with time constant 1/V p . Calcium is also assumed to move by passive diffusion, but is released from the endoplasmic reticulum (ER) by IP 3 , and pumped back into the ER by calcium ATPase pumps. The equations are
These are essentially the same as those of the heuristic model described above, equations (42)- (44) . As before, J flux refers to the flux of calcium through the IP 3 receptors in the ER membrane, and is a function of p, c and a slow variable h which denotes the proportion of IP 3 receptors that have not been inactivated by calcium. Similarly, J pump denotes the removal of calcium from the cytoplasm by calcium ATPases in the ER membrane. J leak is an unspecified leak of calcium into the cytoplasm, either from outside the cell, or from the ER. However, there are some minor differences between the Atri model and the present one. For instance, in the present model the calcium pump that removes calcium from the cytoplasm is assumed to have a Hill coefficient of 2 to better agree with experimental evidence Table 5 . Parameters of the model of intercellular calcium waves.
( Lytton et al., 1992) , while the activation of the IP 3 receptor, described by the term µ(P ) is assumed to have a Hill coefficient of 3. Values of the model parameters are given in Table 5 .2.1. Finally, the internal boundary conditions are given in terms of the flux of IP 3 from cell to cell. We assume that the flux of IP 3 across a cell boundary is linearly proportional to the concentration difference across that boundary, with proportionality constant F . Thus,
where p left and p right are the concentrations on either side of the boundary. F thus has units of distance/time. Note that the concentration of IP 3 is not constant throughout any given cell, and thus the concentration difference across the cell boundary must be calculated using the IP 3 concentrations right next to the boundary.
Numerical Results.
Initially, the shaded cell in Fig. 12 (the cell in the 4,4 position) was injected with IP 3 at the rate of 0.72 µMs −1 for 15 seconds. The IP 3 was then allowed to diffuse from cell to cell, thereby generating an intercellular calcium wave. A typical result is shown in Fig. 13 , which shows a density plot of a numerical solution of the model equations in two dimensions. An intercellular wave can be seen expanding across the grid of cells and then retreating as the IP 3 degrades. The intracellular wave speed (i.e., the speed at which the intercellular wave moves across an individual cell) decreases with distance from the stimulated cell, and the arrival time and the intercellular delay increase exponentially with distance from the stimulated cell. For the values chosen for F , ranging from 1 to 8 µms −1 , the model agrees well with experimental data from endothelial and epithelial cells. Although it is not possible to compare the model exclusively to data from epithelial cells, the agreement with data from other cell types indicates that the model provides a reasonable quantitative description of the intercellular wave.
5.2.3. Conclusions. When this model was first published it created considerable controversy; a common reaction from experimentalists was "This is impossible. IP 3 cannot diffuse so far, and that mechanism is impossible". The advantage of the model was that, when faced with comments like this, we could ask which of the model parameters or assumptions was incorrect. For unless critics could pinpoint specific errors in either the assumptions or the parameters, they would be forced to conclude that our model was not so bad after all. Since then a number of experimental groups have confirmed our model in detail in other cell types (and we ourselves have designed and performed a series of experiments which have confirmed the model, at least in epithelial cells). However, other experimental groups have shown that, in some cell types our model is clearly incorrect. It is now clear that there are a variety of wave propagation mechanisms, including the diffusion of extracellular messengers, the intercellular diffusion of both IP 3 and calcium, and regeneration of the signal, and these mechanisms occur with differing importance in different cell types. But our model, although now known to be wrong in detail in many cell types, and only partially correct in others, has done the job for which it was designed. It has stimulated discussion, and further experimental work.
A number of open questions
There are, of course, a very great number of questions that remain about the mechanisms of calcium oscillations and wave propagation. There are, equally, a Figure 13 . Density plot of a two-dimensional intercellular calcium wave, computed numerically from the intercellular calcium wave model. large number of mathematical questions that have arisen from models of calcium waves. Here we have not really addressed these mathematical questions in any detail, for the simple reason that I, personally, believe them to be of less importance than questions to do with the underlying physiology. A modeler, in my opinion, should be more interested in understanding the behavior of the underlying system than in proving results about the model equations, equations which may or may not provide an acceptable description of the system under investigation. Elegant and subtle analysis of a bad model is hardly likely to produce high-quality science. I hasten to add that this point of view is not universally shared.
But although there are many questions that remain, there are some theoretical questions that stand out as particularly important, and I shall discuss these briefly.
Oscillatory intercellular waves and extracellular messengers.
In some cell types (such as hepatocytes or pancreatic acinar cells), intercellular calcium waves occur in response to agonists. However, unlike the intercellular waves discussed above, these occur in a periodic manner. That is, the calcium concentration in each cell is oscillating, but these oscillations are coordinated in such a manner so as to give a periodic intercellular wave. However, we still have little understanding of the mechanisms that underlie the coordination of a large-scale intercellular wave from the interactions of each oscillating cell. Is it gap-junctional coupling by means of the diffusion of calcium through gap junctions? Or by the diffusion of IP 3 through gap junctions? As yet, we do not know for sure. Höfer (1999) has constructed a model for intercellular calcium waves in hepatocytes that shows how the diffusion of calcium through gap junctions can account for many of the observed intercellular wave properties, but Dupont et al. (2000) have constructed an alternate model for hepatocytes which seems to give better results when the cells are coupled by the diffusion of IP 3 from cell to cell.
Pancreatic acinar cells are ringed around a central duct, and in response to CCK, an intercellular calcium wave travels around the ring of cells. There is as yet no quantitative model for how this wave is coordinated, although Yule et al. (1996) have proposed a qualitative model. It appears to be governed by the diffusion of calcium through gap junctions, but this hypothesis has yet to be examined in detail.
In a variety of cell types an extracellular messenger (very probably ATP) appears to play an important role in the propagation of intercellular waves. In other words, not only is a messenger diffusing through gap junctions from cell to cell, but another messenger is diffusing in the region outside the cells, stimulating or reinforcing the calcium waves by causing the production of IP 3 in neighboring cells. The data are not always consistent, even for the same cell type, but there are a number of results that cannot be explained by appealing to passive diffusion of IP 3 through gap junctions (Charles, 1998) . There have been few published quantitative studies of the interactions between extracellular and intercellular messengers, and so we do not entirely understand the types of waves to be expected from such a combination of mechanisms. For instance, is the production of ATP regenerative, and is this consistent with the observed waves? How would an intercellular wave ever stop (as is observed) if the wave propagation mechanism is made regenerative? Can one construct a partially regenerative model that is consistent in detail with the experimental evidence? 6.2. Interactions of ryanodine receptors, mitochondria and IP 3 receptors. In all the models discussed here, IP 3 receptors play the major role in calcium release. However, in many cell types (such as pancreatic acinar cells) the dynamics of calcium release are complicated by the presence of other calcium release channels such as the ryanodine receptor, and by the spatial distributions of the various calcium channels. What happens when two wave propagating mechanisms are simultaneously present in the same cell? How does this affect wave existence and speed? What happens when one of the wave mechanisms is knocked out pharmacologically? We have only a very limited understanding (from either the modelling or the experimental point of view) of these questions, and yet they are crucial for understanding calcium waves in some cell types. Mitochondria are also now known to be an important modulator of calcium oscillations and waves, but we have little understanding of their effects on model behavior (Jouaville et al., 1995 (Jouaville et al., , 1998 Falcke et al., 1999 Falcke et al., , 2000 Ichas et al., 1997; Straub et al., 2000; Colegrove et al., 2000; Friel, 2000) .
An additional complication is that the various types of calcium release channels have different spatial distributions within cells. For instance, in pancreatic acinar cells areas where there are high densities of IP 3 receptors are located next to areas where ryanodine receptors are situated, possibly even with a mitochondrial "barrier" in between. This spatial separation of the wave propagation mechanisms has not been modelled (at least to my knowledge) and it is not at all clear what properties are to be expected from such a situation.
Complex oscillations.
In some cell types the calcium oscillations take much more complex forms, including bursting oscillations, or even chaotic behavior (Marrero et al., 1994) . Very little is understood about the mechanisms underlying these behaviors, although several groups have proposed models (Shen and Larter, 1995; Houart et al., 1999 , Kummer et al., 2000 Marhl et al., 2000; Haberichter et al., 2001) . This is likely to be one future area of great interest to both theoreticians and experimentalists.
6.4. The challenges for mathematicians. As can be clearly seen, the questions which I feel to be important are not those which are usually addressed by mathematicians, who are often more comfortable with proving analytical results about existence and uniqueness. The interpersonal and interdisciplinary skills needed for a successful collaboration are not usually included in a typical mathematician's training. To even begin to address these physiological questions, a mathematician must be willing to learn a great deal of the underlying physiology, must be prepared to go to other departments and meet the experimentalists, and must, above all, be prepared to listen to the experimental point of view while at the same time trying to express theoretical results in a manner understandable to an experimentalist.
For the mathematician who persists, the rewards are enormous.
